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Abstract

Let G be a finite group. Define ¢(G) to be the expected number of
elements of G which have to be drawn at random with replacement from
G before a set of generators is found. Define X,(G) to be the probabil-
ity that n clements drawn at random with replacement from G generate
G. In this paper we discuss some general approaches to computing e(G)
and An(G). We apply these approaches to some common classes of finite
groups, including the p-groups and the nilpotent groups.

1 Introduction

In [1] we describe a new algorithm for testing whether a group G generated
by a given set of m permutations of degree n is regular - a transitive per-
mutation group is said to be regular if its order and degree are equal: this
condition is equivalent, for a transitive permutation group, to the fact that the
stabiliser of each point is the identity (see [2] for a survey of algorithms to
handle permutation groups). The expected execution time of this algorithm is
O(mn(a(n) + e(G))), where o) represents the inverse of Ackerman’s function
and e(G) the expected number of elements of G which have to be drawn at
random, with replacement, before a set of generators is found.

In this paper we compute the function e(G) for some common classes of
groups, starting from the p-groups, i.e. those group whose order Is the power
of a prime p, and we prove that for these groups the quantity e(G) is related
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exclusively to p and to the minimal number of elements needed to generate
them.

Groups which are the direct product of groups of coprime order are also
analysed and it is shown how to compute the function e(G) for them.

With these two results at our disposition we can thoroughly analyse the
class of nilpotent groups, i.e. those groups which are the direct product of their
Sylow subgroups, which includes among others the class of abelian groups.

Some general approaches for computing the function ¢(G) are given through
the paper and, to show their validity, we employ them to compute ¢(G) for all
the groups of order less than sixteen.

2 Definitions

We start with some definitions, taken from [4]:

DEFINITION 1 An n-basis of a group G is defined as an ordered set (z1,...,2n)
of n elements, not necessarely distinct, of G which generates G: (z1,...,3,) =
G.

DEFINITION 2 The number of distinct n-basis of G is denoted by ¢, (G) and is
called the n'* Eulerian function of G.

Two important cases must be noticed:
e If G cannot be generated by n elements then ¢n(G) = 0.

¢ If G is cyclic of order m then ¢;(G) = ¢(m), where ¢ is the ordinary
Eulerian function of an integer.

Obviously an n-tuple (g1,..., gn) of elements of G either generates G, that is
(91,--.,9n) constitutes an n-basis of G, or it generates a proper subgroup H
of G, in which case it constitutes an n-basis of H. The total number of n-
tuples (g1, .. .,gn) of elements of G is |G|*. We therefore have the fundamental

identity:
G = 3 gu(i) 1)

H<G

DEFINITION 3 Let Ay (G) denote the probability that n elements drawn af ran-
dom, with replacement, from G generate G.

It 1s easy to see that

$n(G)

/\n(G) = |Gln (2)

DEFINITION 4 Let e(G) denote the ezpected number of elements of G which have
to be drawn at random, with replacement, before a set of generators is found.



The probability that a sequence g1,...,94-1, g4 of elements of G generates G
and g1, ...,g4-1 does not is Ag(G) — Ag—1(G). Therefore

e(G) =D d(A(G) — Xa-1(G)) (3)

d=1

For the group of order one which is the base of our inductive construction it is
easily seen that for any n € N we have ¢,({1}) = 1, A,({1}) = 1 and therefore
e({13) = 0.

3 Computation of the Eulerian function for so-
me common families of groups.

In this section and in those to follow we will show how to compute the functions
¢ and e, introduced in Section 2, for some common classes of groups.

The Eulerian n'* function of a group G is computed recursively, by using
the fundamental identity 1 which was introduced in Section 2.

The basic combinatorial identity that we will use to simplify the computation
of e(G), as given by Formula 3, is the following:

> b= () (4)

d=1

where z is a real number strictly greater than one.
Before specializing our discussion to particular classes of finite groups, we
state a lemma which is valid for arbitrary groups.

LEMMA 1 Let G be an arbitrary group and ®(G) its Frattini subgroup. Then
r elements x1,...,z, of G generate G if and only if their images in G/®(G)
generate G/®(G).

ProoF See [3, problem 8.7]. O

In other words, given an arbitrary group G, we have A, (G) = A, (G/®(G)), and
therefore ¢,(G) = A (G/®(Q)) - |G|

3.1 P-groups

In this section we will address the problem of computing the probability of gen-
erating an arbitrary p-group. The next lemma shows how to reduce this prob-
lem to that of computing the probability of generating an elementary abelian

p-group.

LEMMA 2 If G is a p-group with minimal number of generators d then G/®(G)
is an elementary abelian group of order p?.



PROOF See (3, problem 8.26]. O

We can now use the information contained in the two lemmas above to com-
pute the probability of generating an arbitrary p-group with minimal number
of generators d. To start, we recall the fact that an elementary abelian group
of order p? can be considered as a vector space of dimension d over GF(p). In
the light of this equivalence we introduce a new quantity:

DEFINITION 5 Define p, , as the probability that a sequence of r elements z,, . ..
,Tr drawn with replacement from a vector space of dimension d generates a
subspace of dimension s.

LEMMA 3
p e ifs=0
Hrs = 0 ifr<s
! s s—1 .
/Jr—l,sg-a- + pro1,s-1(1 = P?g—) otherwise
Proor

1. r elements chosen at random span a subspace of dimension zero in a space
of dimension d over GF(p) if and only if they are all equal to the null
vector. But the probability that this event occurs is equal to ( #)’.

2. 1t is obvious that r elements cannot generate a space of dimension s if
r < s.

3. prs = Pr(dim{zy,...,z,) =5 A dim (z;,...,2,-1) = )
+Pr(dim (2y,...,z,) =5 A dim(zy,...,z,1) = s — 1)

= Pr(dim({zy,...,z,—1) =5 A z, € (T1,...,2r-1))
+Pr(dim(zy,...,z,_1)=5—1 A =z, ¢ (zy,...,zr_1))

5—1

= ,ur—l,.s}%;' + pr1,5-1 (1 - %) ]

COROLLARY 1 ;5 = ]_[fzd_s+1(1 -p7%)

s—1 s
Proor Hs,s = Hs—15-1 1_%— +/13—~1,31%
s—1
Hs—1,5-1 1*%
= Ho-1,9-1 (1 —p*7179)
= fo-2,5-2 (1= p*7279) (1 - po=i-d

= (1 - p‘d) . (1 —p"z"d) (1 — ps’l‘d) 0

— Hs,s k Es+i_1
COROLLARY 2 pyip, = paF 1li=1

ProOOF By induction on k. For k = 0 the result follows from the last corollary.
For £k > 0 we can write:



P’ #ss TTF i _s—1—dY Pe—i,s—1 TTR+L poTiti g
po i im Smr + (=977 S Ticy P
Pipss TR poti-1 4 e k41 peitig
= paHT) i=1 pi-t PYicay i=1 pim1
Bs,s k P’+l“‘1 S Ex—l
Pric=y) Hi:l o1 (p + PRFI_T
— Bs,s k+1 p5+i—-1 0
pd(k+1) 11i=1 pi-1
The lemma that follows is the most important of this section. In fact, it
allows us to effectively compute the probability that some elements chosen inde-

pendently and at random generate a p-group with minimal number of generators

d.

s s—1
Ps+k+1,s = Ms+k,sg‘a‘ +Hs+lc,s—-1 (1 - %;r)

LEMMA 4 If G is a p-group with minimal number of generators d, then
* M(G) =TI, (1= p7)

o if k>0 then Aayx(G) = Ai(G) ]

k £ ,,-d

i=1l pi-l

ProOF The first part follows from the fact that A4(G) = pq 4 and the second
part from the fact that Agyx(G) = pasr,a. O

The formulae given above are quite complicated: the next theorem gives a
handy estimate for A;4(G), and also shows that lim,_.o Aa(G) =1

THEOREM 1 If G is a p-group with minimal number of generators d, then

-1
p—};—zAd(G)y—p-l—p*

ProoF The upper bound follows from the expression for Az(G) given in Lemma
4. To prove the lower bound, we see that :

@ =102 -

n=1

By Euler’s formula :

33245

x>
H(l——z"):1——z—z"2+25+z7-z12—z15+...: E (=1) 27
n=1 —00<j<o0

1

if we put z = p~* we obtain :

e}
H(l_p—n):1_p—1__p—z+p—5+p-7_p—12_p—15+”.
n=1

this can be considered as an alternating series, if we collect each even term with
the consecutive one; if we take the first three terms by Liebniz’s theorem the
error will be negative and less than p~> + p~7 in absolute value. O



NoTE 1 The lower bound for A4(G) given in Theorem 1 is also valid for
Ad+i(G), since Ay(G) = paa < patk,d = Aa+k(G)

EXAMPLE 1 To see the numerical effectiveness of this approximation, consider
a four generator p-group with p = 7: by Lemma 4 we have A4(G) = 238390400 o,
0.8368, while Theorem 1 gives 0.8367 &~ 4 < M\4(G) < & ~ 0.8571.

3.2 Computation of a presentation for G/®(G) when G is
a p-group given by generators and relations

Let us suppose that G is a p-group, for which a presentation is given. We would
like to compute the quotient group of G with respect to its Frattini subgroup.
The following theorems will prove very useful.

THEOREM 2 If N is the minimal normal subgroup with the property that G/N
is elementary abelian, then N = &(Q)

Proor Let M be maximal in G. Then M is normal, since G is a p-group, so
G/M is elementary abelian, and then by hypothesis N < M. This shows that
N is contained in the Frattini subgroup of G, since it is contained in all the
maximal subgroups of G.

Conversely, consider G/N = Ay/N x ... x Ax/N, where each A;/N has order
p. Let Bi/N = x;»;A;j/N. This group is easily seen to be maximal. Clearly
NB;/N is equal to the identity in G/N, from which it follows that NB; = N.
But then N contains the Frattini subgroup of G. O

THEOREM 3 A presentation for G/®(G) is obtained by adding the relations
[2,y] =1 and P =1, where z and y range over all the generators of G, to the
given presentation of G.

PRrRoOF Let K be the minimal normal subgroup containing [z, y] and z? for all
generators ¢ and y. G/K is elementary abelian, since [zK,yK] = 1 in G/K
and (zK)? = 2PK = 1 in G/K. But then ®(G) < K, since by the previous
theorem ®(G) is the minimal normal subgroup N of G with the property that
G/N is elementary abelian.

Conversely, since G//®(G) is elementary abelian, [z, y] € ®(G), zF € &(G). This
shows that K < ®(G). O

3.3 On the direct product of two groups

The theorem which follows can be applied to any finite group which is the direct
product of two groups to compute its Frattini subgroup.

THEOREM 4 If a finitely generated group M is the direct product of two sub-
groups. G and H then the Frattini subgroup of M is isomorphic to the direct
product of the Frattini subgroup of G and the Frattini subgroup of H.



PROOF See [3, problem 8.22] O
If the two groups have coprime order we can say much more, namely:

THEOREM 5 Let G and H be two finite groups of coprime order. Let x; =
(gi,hs), 9i € G, hi € H. Then zy,...,zq generate GX H if and only if q1,. .., 94
generate G and hy,..., hq generate H.

ProorF The if part is true even without the assumption that |G| and |H| are
coprime, since the homomorphism that maps an z; into the corresponding g;
(resp hi), i.e. the projection homomorphism, is onto.

Conversely let z; = (gi,hi), gi € G, hy € H. Then zh = (gf",hf‘). We can
choose k; so that k; is the order of g;, and by hypothesis k; is coprime with
the order of h;. But then h; and hf‘ generate the same group, and therefore

<mf‘> = (h;). It follows that (z1,...,%a) > <z'1°‘, . ..,w§d> = {hy,...,ha) = H.
Using the same argument it is possible to prove that (z1,. ., zq) > G. By

combining the two inclusions it is shown that (z1,...,24) > G x H. Since it is
obvious that {z1,...,24) < G x H, the theorem follows. O

COROLLARY 3 IfG and H are two finite groups of coprime order then ¢4(G x
H) = ¢d(G)¢d(H) and )\d(G X H) = Ad(G)/\d(H)

COROLLARY 4 If G is a nilpotent group of order pi'...py* then ¢,(G) =
6 (Gp,) - 9n(Gp,) and An(G) = A(Gpy) - Aa(Gp,), where Gy, 1 the p;-
Sylow subgroup of G.

The last corollary in conjunction with the results about p-groups in Section 3.1
allows one to effectively compute the functions ¢,(G) and A,(G) when G is a
finite nilpotent group.

3.4 Cyclic groups

Although a finite cyclic group is necessarely nilpotent and therefore it could be
analyzed using the results of Section 3.3, its very simple structure allows one
to reduce the work needed to compute the Eulerian function. It is well known,
in fact, that a cyclic group of order n has one (cyclic) subgroup of order m for
each divisor m of n. Therefore the Identity 1 becomes n? = Y omin $4(Cm), from
which it follows, by applying the Mobius inversion formula, that

where p(m) stands for the ordinary Mobius function of an integer, and p ranges
over all the prime divisors of n.



4 Some worked examples

In this section we employ the results of the previous sections to show how to
compute the Eulerian function for some common classes of groups.

4.1 Groups of prime order

The only subgroup of a group of prime order p is the trivial one. The identity 1
becomes p* = $a(1) + ¢a(Cy) = 1+ ¢a(Cp) from which it follows that ¢d(C )=
p® — 1. The application of the Identities 3 and 4 yields e(Cp) =

4.2 Groups of order p?, p prime

It is well known that a group of order p? must be abelian. Furthermore, such a
group can be either cyclic or the direct product of two cyclic groups of order p.
Because of the difficulty of applying Lemma 4, in what follows we will compute
the Eulerian function by the using the general formula 1.

e Cyclic groups of order p?
From the results of Section 3.4 we obtain ¢4(Cpz) = p?(p? — 1). The
application of the Identities 3 and 4 yields e(Cp2) = ;f—l

¢ Elementary abelian groups of order p?
Besides the trivial subgroup an elementary abelian group of order p? has
only p + 1 subgroups, of order p. By applying the identity 1 we obtain
$4(Cp x Cp) = p?@ — p¥*+1 — p¢ 4 p. The application of the Identities 3 and
4 yields ¢(C, x Cp) = 2+ B2

4.3 Groups of order pg, p and ¢ primes

A group of order pq, with p and ¢ primes, ¢ less than p, must be either cyclic
or non abelian and metacyclic. The second case can happen only if ¢ divides
p—1, ie. a group of order pq, with p and ¢ primes, ¢ less than p, and ¢ not
dividing p — 1 must be necessarily cyclic.

e Cyclic groups of order pq
By using the result of Section 3.4 we obtain ¢4(Cp,) = (p? —1)(q —1) The

application of the Identities 3 and 4 yields e(Cpq) = 1 Tt L 17;—1

e Non abelian groups of order pq
If My, is a non abelian group of order pg, with ¢ < p, then in addition to
the trivial subgroup, it has a normal subgroup of order p and p subgroups
of order q. By applying the identity 1 we obtain ¢4(Mp,) = (pq)* — p? —
p-q% + p. The application of the Identities 3 and 4 yields e(Mp,) =

2+E:T+p~ pg~1



4.4 Groups of small order

In this section we will show that it is possible to compute the functions ¢4, Ag
and e for all the groups of order less than sixteen by using the methods discussed
in the previous sections. In fact, the group of order 1 is dealt with in Section 2,
the groups of order 2, 3, 5, 7, 11, 13 are dealt with in Section 4.1, the groups of
order 4, 9 are dealt with in Section 4.2 and the groups of order 6, 10, 14, 15 are
dealt with in Section 4.3. We are left now with the groups of order 8 and 12.

It is known that there are five groups of order eight, and they are: Cs,
Cs x C4, the Quaternion group @, Dg and C3 x C2 x Ch.

The first group that we consider is Cs: this is a 2-group with minimal number
of generators equal to one. Therefore its behaviour is the same as Ca.

The next three groups, Cs x C2, the quaternion group @ and the dihedral
group Dg are 2-groups with minimal number of generators equal to two. There-
fore the behaviour of each of these group is the same as Vj.

The last group considered, the elementary abelian group of order eight, is
known to have seven subgroups of order two and seven subgroups of order four,
isomorphic to the Klein four group, in addition to the trivial subgroup. By
applying the Identity 1 we obtain ¢4(Ca x C2 x C3) = 84 —7.49414.2¢ -8
By applying the Identities 3 and 4 we obtain ¢(Cz x Ca x C2) = 32

It is known that there are five groups of order twelve, and they are: Cis,
Cy % C x Cs, As, D1 and the group T = (a,b|a® =1, =d® = (ab)?).

Let us consider first the cyclic group of order twelve. Since C12 = Cgq x C3
according to Theorem 4 we have ®(Ci2) = ®(Cy x C3) = &(C4) x ®(C3)
Cy x {1} = C, and Ci2/®(C12) = Cs. Therefore, by Lemma 4 A4(Ci2)
A4(Cs).

The next group to consider is C x Ca x Cs. This group is nilpotent, since
it is the direct product of its Sylow subgroups, which are isomorphic to V4 and
Cs. Therefore, according to the results of Section 3.3 we obtain #a(Va x C3) =
129 —-3.6%—49 +2.3943.2% -~ 2. By applying the Identities 3 and 4 we obtain
(Vix C) =643 -3+ 3 - ¥

The third group to consider is the alternating group on four symbols. The
subgroup structure of A4 is well known: besides the trivial subgroups, A4
has four subgroups of order three, one subgroup isomorphic to the Klein four
group, and three subgroups of order two. By applying the Identity 1 we obtain
ba(As) = 12¢ — 4 -3¢ — 49 + 4. By applying the Identities 3 and 4 we obtain
C(A4) = %—gg

The fourth group to consider is the dihedral group of order twelve: this
group is known to have, besides the trivial subgroups: one cyclic subgroup of
order six, two dihedral subgroups of order six, one subgroup of order three,
seven subgroups of order two and three subgroups of order four isomorphic
to the Klein four-group. By applying the Identity 1 we obtain ¢a(D12) =
129 —3.69 4+2.39 —3.49 + 9.2¢ — 6. By applying the Identities 3 and 4 we

obtain e(Dy3) = %

o



The last group of order twelve to consider is the group T, isomorphic to the
group generated by the two matrices < (2) (Z) > and ( (6) 602 > where { = /-1

and ¢ is a non real complex cubic root of the unity. Besides the trivial subgroups
T has three cyclic subgroups of order four, a cyclic subgroup of order six, a cyclic
subgroup of order two and a cyclic subgroup of order three. By applying the
Identity 1 we obtain ¢4(T) = 12¢ —64-3.444+3.24. By applying the Identities

3 and 4 we obtain e(T) = 2 The results of this section are summarized in

1
Table 1.

4.5 A nontrivial example: PSLy(7)

We conclude our paper with a nontrivial example, PSL,(T). The structure of
the groups PSLy(p), p prime is given in [4]. In particular, PSLy(7) has, in
addition to the trivial subgroups, 21 subgroups isomorphic to C», 21 subgroups
isomorphic to Cy, 7 subgroups isomorphic to Vj, 21 subgroups isomorphic to
Dg, 28 subgroups isomorphic to Cs, 8 subgroups isomorphic to C7, 8 noncyclic
subgroups of order 21, 28 subgroups isomorphic to Ss, 14 subgroups isomorphic
to A4, 14 subgroups isomorphic to Sy.

Since all these groups, with the exception of Sy, are dealt with in the previous
sections, we need to compute only ¢4(Ss). The structure of Sy is well known:
besides the trivial subgroups Sy has one subgroups isomorphic to A4, three
subgroups isomorphic to Dg, four subgroups isomorphic to Ss, three subgroups
isomorphic to Cy, four subgroups isomorphic to V4, four subgroups isomorphic
to C3 and nine subgroups isomorphic to C,. By applying the Identity 1 we
obtain ¢4(Ss) =24¢ —129-3.8% —4.694+3.4944.39 1 12.2¢ _ 12,

For the group PSL»(7) therefore we obtain ¢4(PSL»(7)) = 168% —14-24% —
8-219+21-874+28-6%+7-49+56-3% —105-2¢ + 14.

The application of the Identities 3 and 4 yields e(PSLy(7)) = L4

212 _ 287 42 _ 562 84 _ 14168 o
So -G - T -3 +105-5-14. 182 =238

L=
s

10



|G [ A(G) | (9]
{1} 1 0
C» (2% -1)/2¢ 2
Cs (3¢ —1)/3¢ 3/2
Cs (27 =1)/2° 2
Cy x Co (4d—3~2d+2)/4d 10/3
Cs (5% —1)/5¢ 5/4
Ce (69 —29-37+1)/6% 23/10
De (69 —3-29-3%+3)/6% 29/10
Cr (14 —1)/7¢ 7/6
Cs (27 Z1)/22 2
Cy x Cy (47 —3 .27+ 2)/4¢ 10/3
CoxCyxCy | (85 —7-49+14.29—8)/8¢ 94/21
Q (47 -3 .29 +2)/4° 10/3
Dg (49 —-3.29+2)/4¢ 10/3
Co (37 -1)/3° 3/2
C3 x C3 (99 — 39T — 39 4 3)/9¢ 21/8
Cho (109 — 29 — 57 + 1)/10¢ 77/36
Dio (107 — 29 — 5% + 5)/10¢ 97/36
Cn (11?-1)/11¢ 11/10
Ci2 (69 —29 -394 1)/6¢ 23/10
Cax CoxCs | (129-3-67-474+2-39+3.29—2)/12° 1127/330
Aq (129 —4 .37 - 49+ 4)/12¢ 246/100
D1 (127-3.67+2-37-3-47+9-27—6)/12% | 1181/330
T (67—3.-27-37+3)/6° 29/10
Ci3 (139 —1)/13¢ 13/12
Cia (149 -2 - 717+ 1)/14° 163/78
Dia (149 —7-27 19+ 7)/14° 205/78
Cis (159 — 39 — 57 + 1)/15¢ 47/28

Table 1: Groups of order less than sixteen

11
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