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Abstract

The standard theory of inequality measurement assumes that the equal-
isand is a cardinal quantity with known cardinalisation. However, one may
need to make inequality comparisons where either the cardinalisation is un-
known or the underlying data are categorical. We propose a natural way
of evaluating individuals' status in such situations, based on their position
in the distribution and develop axiomatically a class of inequality indices,
conditional on a reference point. We examine the merits of mean, median
and maximum status as reference points. We also show how the approach
can be applied to perceived health status and reported happiness.
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1 Introduction

It is very common to �nd problems of inequality comparison where conven-
tional inequality-measurement tools just will not work. A principal cause of
this di�culty lies in the nature of the thing that is being studied. By con-
trast to the inequality analysis of income or wealth distributions where the
underlying variable is measurable and interpersonally comparable, �ordinal
data� may be measurable but with an unknown scale of measurement, or the
underlying concept may not be measurable at all. The term �ordinal data�
covers such things as access to amenities, educational achievement, happi-
ness, health, each of which has a sub-literature on inequality in its own right.1

This paper provides a new approach to the generic ordinal-data problem.
Why is there a problem with ordinal data? Although we can handle a

small number of standard tools of distributional analysis, several key concepts
are not well de�ned. For example the mean will depend on the particular
cardinalisation that is used and so there is no meaning to points in a simplex.
Therefore we cannot implement something like the Principle of Transfers.
The literatures on inequality in happiness, health and so on contain a number
of work-rounds that address this problem but none of these work-rounds is
entirely satisfactory. In some cases �rst-order dominance criteria have been
applied and quantiles have been used to characterise inequality comparisons.
But di�culties can arise even with these methods.2

However, in this paper we show that, as long as the underlying data can
be ordered, it is possible to construct a fully-�edged approach to inequality
measurement. In section 2 we discuss the basic building blocks of inequality
analysis, section 3 develops our formal approach to the problem of ordinal
data and section 4 discusses the properties of the class of inequality mea-
sures that emerges from our analysis. Section 5 investigates the empirical
properties of the class of inequality measures and discusses two important
applications; section 6 concludes.

1On health status, see for example the discussion by Van Doorslaer and Jones (2003)
of the McMaster Health Utility Index (page 65). On life satisfaction and inequality of
happiness see for example, Oswald and Wu (2011), Stevenson and Wolfers (2008b), Yang
(2008).

2See, for example, Abul Naga and Yalcin (2010), Allison and Foster (2004).
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2 Income, utility, status

There are three basic ingredients of the income-inequality measurement prob-
lem:

• the de�nition of �income�

• the de�nition of the �income-receiving unit�

• method of aggregation

The same issues arise in cases where �income� is replaced by some other
concept that is essentially ordinal rather than cardinal. We brie�y deal �rst
with the standard income-inequality problem before modelling the ordinal-
data problem.

2.1 Income and inequality

The conventional approach to inequality measurement is quite demanding
informationally. It takes income (or wealth, expenditure...) as the �rst
ingredient; income is assumed to be both measurable and inter-personally
comparable.3 so that we can represent it formally as x ∈ X ⊆ R. For a given
population consisting of n persons an income distribution is simply a vector
x ∈ Xn. In aggregating information about the income distribution in order
to measure inequality we usually work with Xn

µ , a subset of Xn consisting
of all the n-person distributions that have a speci�ed mean µ. The economic
meaning of Xn

µ is the set of all distributions obtainable from a given total
income nµ using lump-sum transfers.

However, we obviously cannot adopt such an approach in the present
case, but we can use it as a basis for developing a new approach that covers
the case of ordinal data.

2.2 Utility

Now let us consider cases where the equalisand is less rich in information than
the case of income as described in section 2.1. suppose inequality is in terms
of something which we will call utility. Of course utility may be derived
from income u = U (x). However, even if we assume that U has cardinal

3See the discussion in Cowell (2011).
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signi�cance in the sense that it is de�ned up to a�ne transformations (as in
the standard treatment of individual choice under risk) one still has a problem
as far as inequality-measurement is concerned. As an example consider the
Gini coe�cient if utility (income) is subjected to an a�ne transformation:
multiplying every person's utility by λ ∈ (0, 1) and adding an amount δ =
µ[1 − λ]: if λ < 1 this transformation of the scale and level of utility will
automatically reduce measured inequality.

There is an analogy with the Atkinson (1970) revolution in inequality
measurement. In his path-breaking paper Dalton (1920) had worked with
utilities4 and Atkinson pointed out that, although the Dalton insight of using
(social) utility was a valuable step in the appropriate direction for introducing
social values into inequality measurement, looking at the relative shortfall of
average utility of income below the utility of average income was �awed, in
that it was dependent on the assumed origin of the utility scale. Atkinson's
solution was to introduce the concept of equivalent income.

However, the Atkinson and Dalton approaches properly belonged to the
third of the basic ingredients mentioned above � the aggregation process.
They were concerned with the way in which social values could be intro-
duced into an inequality-evaluation of income distribution, not the inequality-
evaluation of a distribution of utilities. In some cases these two problems can
be seen as e�ectively equivalent; what is more it may be possible to infer the
utility function from, for example, people's attitude to risk. But there are
other important cases where this is not true and where utility has no natural
income equivalent:

Example 1. Suppose utility depends on some measurable quantity x that
has no agreed valuation. If the form of U (·) is unknown and cannot be
inferred from individual behaviour, then increased dispersion of x leads
to increased inequality, but we cannot say by how much. If U di�ers
across individuals we cannot say even that.

Example 2. Suppose utility depends on a categorical variable. �Amenity
inequality� � inequality in access to speci�c public facilities � provides
an illustrative example of the concept. Suppose there is general agree-
ment that, other things being equal, a person is better o� with access
to both gas and electricity supplies than with access to electricity only,
a person is better o� with access to electricity only than gas only and

4See also Aigner and Heins (1967).
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Case 1 Case 2
nk nk

Both Gas and Electricity 25 0
Electricity only 25 50
Gas only 25 50
Neither 25 0

Table 1: Access to amenities: categorical variable

is better o� with access to gas only than access to neither utility; we
know nothing about how much energy is consumed or about how much
could be a�orded; so trying to put a dollar equivalent may be inappro-
priate or meaningless. In Table 1 suppose nk is the number of persons
in category k ∈ {B,E,G,N}. If there are 100 people in the popula-
tion, intuition suggests that Case 1 in Table 1 represents more amenity
inequality than does Case 2.

It is easy to �nd practical cases that have some of the characteristics
of one or other example: quality of life, happiness may be represented by
our Example 1; inequality of educational attainment can be thought of in
terms of Example 2. Some important aspects of inequality, such as inequality
in health status, display elements of both examples. Conventional tools of
inequality analysis are not of much immediate help in quantifying inequality
comparisons in either example. In the face of these di�culties two main
approaches have been adopted in the literature.

The �rst is to impute some arti�cial index of individual well-being y as
a function of x or of the relevant category. In some cases the imputation is
achieved through subjective evaluation by individuals (for example on a Lik-
ert scale) and in some cases by o�cial institutions (for example the Quality-
Adjusted Life Year or the Human Development Index). Clearly the same
procedure can be applied explicitly or implicitly to entities that do not have
a natural ordering, such as vectors of attributes or endowments; one uses
the utility function to force an ordering of the data.5 This approach runs
into some obvious objections such as the arbitrariness of the cardinalisation,

5This is similar to one of the standard theoretical approaches to the measurement of
multi-dimensional inequality � one computes the �utility� of factors and then computes
inequality of utility where the utility function is an appropriate aggregator (Maasoumi
1986, Tsui 1995) .
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the arbitrariness of aggregating apples and oranges, and the arbitrariness of
attempting to include measures of dispersion into the index as well. Even if
the resulting y appears reasonable over a wide subset of the possible values of
x we might still be concerned about the way extreme values are represented
in the index and their consequences for inequality comparisons.

The second approach, quite common in the health literature,6 involves a
reworking of traditional inequality-ranking approaches focusing on �rst-order
dominance criteria. It is commonly suggested that the median could be used
as an equality concept corresponding to the use of the mean in conventional
inequality analysis, although it has been noted that comparing distributions
with di�erent medians raises special issues (Abul Naga and Yalcin 2010).
Clearly such an approach may run into di�culty if quantiles are not well-
de�ned, as may happen in the case of categorical variables. 7

2.3 Status

In the broad literature on the assessment and comparison of income distri-
butions it is common to �nd that a person's location in the distribution is
related to a concept of an individual's status in society and then have used
this to develop measures of individual and social deprivation. Some have
incorporated into the measurement of inequality. Here it is central to the
approach.

Denote by ui person i's endowment of utility and let the distribution
function of u for a population of size n be F . Each person's status si is
uniquely de�ned for a given distribution of as follows:

si = ψ (ui, F (·) , n) , (1)

where the function ψ is such that status is independent of the cardinalisa-
tion of utility. One simple way of specifying status for an individual is the
standard de�nition of position, the proportion of the population that is no
better o� than oneself; so if the distribution cumulative function for utility
in the population is F then we could use si = F (ui) as the status measure.8

6For the application to health, see Abul Naga and Yalcin (2008), Allison and Foster
(2004), Zheng (2011).

7For examples of this see footnote 12 below.
8F (ui) and 1 − F (ui) correspond to Yitzhaki (1979)'s concepts of �Satisfaction� and

�Deprivation.�
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Such a status measure is familiar to anyone who has ever taken a GRE or
TOEFL test and is similar to that used to sometimes used to measure oppor-
tunity � see de Barros et al. (2008). Working with the status thus implied by
utility rather than with utility itself would obviously dispose of the problem
of cardinalisation, as illustrated in Figure 1: if U and V are two alterna-
tive cardinalisations of the utility of income x (V is a monotonic increasing
transformation of U), then the two utilities for person 1 under the two car-
dinalisations u1 and v1 each map into s1 and, for person 2, u2 and v2 each
map into s2.

Figure 1: Utility and Status

u = U(x)

u2

1

v = V(x)v2u1 v1

s1

s2

u = U(x)

u2

1

v = V(x)v2u1 v1

s1

s2

However, for categorical data � where we know only the ordering of the
categories k and the number of persons nk in each category, k = 1, 2, ..., K �
there is a stronger reason for taking a status measure of this form. Consider
the following �merger principle.�:

Mergers. If non-empty adjacent categories k∗ and k∗ + 1 are merged then
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this has no e�ect on the status of a person who belongs to neither
category.

We can easily see that this simple principle induces an additive structure.
Suppose there are three categories and that person i belongs to category 1.
Now let categories 2 and 3 be merged; in view of the mergers principle person
i's status is given by si = fi (n1, n2, n3) = fi (n1, n2 + n3, 0). If the status
function is anonymous, so that every person in a given category has the same
status, it is clear that status must take the form

si = f

k(i)−1∑
`=1

n`, nk(i),
K∑

`=k(i)+1

n`

 .

where k (i)is the category to which person i belongs. Hence we we could take
person i's status to be

si =
1

n

k(i)∑
`=1

n`. (2)

The form (2) provides a �downward-looking� measure of position (my status
is determined by all those below me or equal to me) that is independent of
population replications. But other formulations of status may be appropriate.
We could also consider the �upward-looking� counterpart of (2):

s′i =
1

n

K∑
`=k(i)

n`; (3)

here my status is determined as the proportion of those above me or equal
to me. It can also be useful to express status in absolute terms, as nsi or ns

′
i

; for example if status is interpreted as position in the football league then
we would measure it as ns′i, an absolute, upward-looking concept. However,
we do not need to specify a particular form for our theoretical approach; in
section 4 we will provide particular examples based on equations (2) and (3).

3 Inequality measurement: theory

3.1 Approach

Here we o�er a new approach to inequality measurement that draws together
many of the themes discussed in section 2. It involves two main steps.
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Step 1 is to de�ne status. We assume that an individual's status is given
by

s ∈ S ⊆ R,

The precise de�nition will depend on the structure of information and may
also depend on the purpose of the inequality analysis. In some cases a per-
son's status is self-de�ning from the data: for example if we want to focus
on income or wealth inequality. In some cases status is de�ned once one is
given additional distribution-free information: for example if there are ob-
servations on some variable x and it is known that utility is log(x). In some
cases status requires information dependent on distribution of the underlying
data: for example it could be determined as in (2) or (3).

Step 2 is to aggregate information about the distribution of status s ∈ Sn,
where n is the size of the population. To make progress on this step we need
(1) a concept of equality and (2) a way of characterising departures from
equality.

De�ne e ∈ R as an equality-reference point. We have to go carefully here
since, unlike the conventional income-inequality case where the summation
of incomes is well de�ned and it makes sense to assume that equality is where
everyone receives mean income, we cannot similarly aggregate utility and we
cannot meaningfully aggregate status without specifying ψ. The reference
point could be speci�ed exogenously or it could also depend on the status
vector

e = η (s) . (4)

The speci�cation of e is discussed further in Section 4.2 below. Denote by
Sne ; the subset of S

n that consists of vectors with the same value of e.
To capture inequality we could de�ne a speci�c distance function d :

S2 → R+ , where d (s, e) means the distance that a person with status s is
from equality e: this is analogous to, say, the interpretation of Generalised-
Entropy measures of income inequality that can be thought of as average
distance from mean income. We could then introduce a number of principles
(axioms) to characterise an inequality ordering � and the associated distance
concept. However, we can make progress without an explicit function d (·) a
priori : by characterising � axiomatically the distance-from-equality concept
will emerge .
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3.2 Inequality ordering on ordinal data

Consider inequality as a weak ordering � on Sn; denote by � the strict rela-
tion associated with � and denote by ∼ the equivalence relation associated
with �. We also need one more piece of notation: for any s ∈ Sn denote
by s (ς, i) the member of Sn formed by replacing the ith component of s by
ς ∈ S. The �rst step is to characterise the general structure of the inequality
relation using just four axioms:9

Axiom 1 [Continuity] � is continuous on Sn.

Axiom 2 [Monotonicity in distance] If s, s′ ∈ Sne di�er only in their ith
component then (a) if s′i ≥ e :si > s′i ⇐⇒ s � s′; (b) if s′i ≤ e: s′i > si ⇐⇒
s � s′.

In other words, if two distributions di�er only in respect of person i's
status, then the distribution that registers greater individual distance from
equality for i is the distribution that exhibits greater inequality.

Axiom 3 [Independence] For s, s′ ∈ Sne , if s ∼ s′ and si = s′i for some i
then s (ς, i) ∼ s′ (ς, i) for all ς ∈ [si−1, si+1]∩

[
s′i−1, s

′
i+1

]
.

Suppose that the distributions s and s′ are equivalent in terms of inequal-
ity and that there is some person i who has the same status is the same in s
and in s′. Then, the same small change in i's status in both distributions s
and s′ still leaves s and s′ as equivalent in terms of inequality.

Axiom 4 [Anonymity] For all s ∈ Sn and permutation matrix Π, Πs ∼s .

Permuting the labels on the individuals leaves inequality unchanged.

Theorem 1 Given Axioms 1 to 4 � is representable by the continuous func-
tion I : Sne → R given by

I (s; e) = Φ

(
n∑
i=1

d (si, e) , e

)
, (5)

where d : S → R is a continuous function that is strictly increasing (decreas-
ing) in its �rst argument if si > e (si < e ).

9Here we follow the method of Cowell and Ebert (2004) and Ebert and Moyes (2002).
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Proof. Axiom 1 implies that � is representable by a continuous function
I (s; e). By Axiom 2 I is increasing in si if si > e and vice versa. From
Theorem 5.3 of Fishburn (1970) Axiom 3 further implies that � must be
expressible as

n∑
i=1

di (si, e) ,∀s ∈ Sne (6)

up to an increasing transformation, where, for each i, di : S → R is a
continuous function. In view of Axiom 4 the functions di must all be identical
and the result follows.

Theorem 1 establishes inequality as total �distance� from equality and
that the function d is continuous, satis�es d (e, e) = 0 and has the property
that, for a given e, d (s, e) is increasing in status s if s is above the reference
point, decreases in s if s is below the reference point.10 The next steps involve
introducing more structure on d and hence on � .

3.3 Characterisation of inequality

The following is perhaps a natural assumption, although the implication of
alternatives will be discussed later.

Axiom 5 [Scale irrelevance] For all λ ∈ R+: if s, s′ ∈ Sne and λs, λs′ ∈ Snλe
then s ∼ s′ ⇒ λs ∼ λs′.

In the case where status is de�ned proportional to position in the distri-
bution, as in (??) then this Axiom is equivalent to the Dalton principle of
population � see also Yaari (1988) for a similar assumption.

Theorem 2 Given Axioms 1 to 5 � is representable by (5) where the func-
tion d takes the form

d (s, e) = ecφ
(s
e

)
(7)

where φ is a continuous function and c is an arbitrary constant.

10Note that d is not a conventional distance function since the symmetry property is
not required.

10



Proof. From (5) s, s′ ∈ Sne and s ∼ s′ imply

n∑
i=1

d (si, e) =
n∑
i=1

d (s′i, e)

and so Axiom 5 implies

n∑
i=1

d (λsi, λe) = d (λs′i, λe) .

Therefore we have∑n
i=1 d (λsi, λe)∑n
i=1 d (si, e)

=

∑n
i=1 d (λs′i, λe)∑n
i=1 d (s′i, e)

= f (λ) ,

where f is a continuous function R→ R, so that

n∑
i=1

d (λsi, λe) = f (λ)
n∑
i=1

d (si, e) .

This implies , for any s ∈ S:

d (λs, λe) ,= f (λ) d (s, e) .

and there must exist c ∈ R and a function φ : R+ → R such that11

d (s, e) = ecφ
(s
e

)
(8)

This establishes �distance from equality� in terms of proportions rather
than, say, absolute di�erences. However, because φ is an arbitrary function,
we need to impose more structure on d in order to obtain a usable inequality
measure. As the next step we impose the following

Axiom 6 [Ratio scale irrelevance] Suppose there are s ∈ Sne and s◦ ∈ Sne◦
such that s ∼ s◦. Then for all λ > 0, s′ ∈ Sne′ and s” ∈ Sne” such that for each
i, s′i/e = λsi/e and si”/e = λs◦i /e

◦: s′ ∼ s”.

11See Aczél and Dhombres (1989), page 346
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This requirement means that a proportionate increase in all status mea-
sures relative to the reference point leaves inequality comparisons unchanged.
We may then state:

Theorem 3 Given Axioms 1 to 6 � is representable as Φ (I (s; e) , e) where

Iα (s; e) =
1

α [α− 1]

[
1

n

n∑
i=1

[si
e

]α
− c (e)

]
, (9)

α ∈ R c is a constant, conditional on e and Φis increasing in its �rst argument

Proof. Take the special case where

e◦ = e,

s◦1 = s1,

s◦i = s̄, i = 2, ..., n.

Using (8) s ∼ s◦ implies

n∑
i=2

ecφ
(si
e

)
=

n∑
i=2

ecφ
( s̄
e

)
n∑
i=2

φ
(si
e

)
= [n− 1]φ

( s̄
e

)
(10)

From Axiom 6 equation (10) implies, for any λ > 0:

n∑
i=2

φ
(
λ
si
e

)
= [n− 1]φ

(
λ
s̄

e

)
and so, taking the inverse of φ:

s̄ = eφ−1

(
1

n− 1

n∑
i=2

φ
(si
e

))
(11)

λs̄ = eφ−1

(
1

n− 1

n∑
i=2

φ
(
λ
si
e

))
(12)
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φ

(
λφ−1

(
1

n− 1

n∑
i=2

φ
(si
e

)))
=

1

n− 1

n∑
i=2

φ
(
λ
si
e

)
Introduce the following change of variables

ui := φ
(si
e

)
, i = 2, ..., n (13)

φ

(
λφ−1

(
1

n− 1

n∑
i=2

ui

))
=

1

n− 1

n∑
i=2

φ
(
λφ−1 (ui)

)
, for all λ > 0. (14)

Also de�ne the following functions

θ0 (u, λ) :=
n∑
i=2

φ

(
λφ−1

(
1

n− 1
u

))
(15)

θ1 (u, λ) :=
1

n− 1
φ
(
λφ−1 (u)

)
. (16)

Substituting (15),(16) into (14) we get the Pexider functional equation

θ0

(
n∑
i=2

ui, λ

)
=

n∑
i=2

θ1 (ui, λ)

which has as a solution

θ0 (u, λ) = a (λ)u+ [n− 1]b (λ) , (17)

θ1 (u, λ) = a (λ)u+ b (λ) , (18)

� see Aczél (1966), page 142. Therefore, from (13), (16) and (18) we have

1

n− 1
φ (λv) = a (λ)u+ b (λ) , (19)

where v is an arbitrary value of si/e. From Eichhorn (1978), Theorem 2.7.3
the solution to (19) is of the form

φ (v) =

{
βvα + γ, α 6= 0

β log v + γ, α = 0
(20)
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Case 0 Case 1 Case 2 Case 3
nk si s′i nk si s′i nk si s′i nk si s′i

B 0 25 1 1/4 0 25 1 1/4
E 50 1 1/2 25 3/4 1/2 50 1 1/2 25 3/4 1/2
G 25 1/2 3/4 25 1/2 3/4 50 1/2 1 50 1/2 1
N 25 1/4 1 25 1/4 1 0 0

µ(s) 11/16 5/8 3/4 11/16

Table 2: Distributional comparisons for a categorical variable

where β is an arbitrary positive number. Substituting for φ (·) from (20) into
(7) gives the result.

Note that the general function Φ takes into account the possibility that
one might choose non-zero value of c in (8).

4 Inequality measures

As we have seen, the conventional approach to inequality measurement only
works within a narrowly de�ned information structure. In this alternative
approach how do we proceed to get a usable inequality index? Equation (9)
provides us with the structure for inequality analysis of ordinal data; to get
an operational inequality measure from this requires some further steps. We
need to check that measures of the form Φ(I (s; e) , e) have sensible properties
when taken applied as inequality measures, we need to consider how the
reference point for inequality comparisons is to be determined, and we need
to clarify the way in which di�erent members of the class of indices of the
form (9) behave.

4.1 The transfer principle?

In standard approaches to inequality measurement the transfer principle
plays a central role; but in its pure form it is clearly not relevant here.
The problem is that the transfer principle is simply inappropriate in the
case of ordinal data because there is no natural �compensation� to consider.
However, might the transfer principle apply in modi�ed form? Let us work
through a simple example using our access-to-utilities story.
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Table 2 represents four distributional scenarios based on the example in
Table 1. As before nk is the number of persons in category k ∈ {B,E,G,N}
and in each scenario there are 100 persons in the population. We consider the
two versions of status si and s

′
i introduced in subsection 2.3 � see equations

(2) and (3) . The last row in the table contains the value of mean status,

µ(s) = µ(s′) =
1

n

n∑
i=1

si =
1

n

n∑
i=1

s′i, (21)

If the relevant scenario changes from Case 0 to Case 1 then 25 people are
promoted from category E to category B and, by the principle of monotonic-
ity, if e were a constant equal to any of the values taken by µ(s) (namely
5/8,11/16 or 3/4) then inequality would increase; if instead the relevant scenario
changes from Case 0 to Case 2 then 25 people are promoted from category
N to category G and, by the same principle, inequality would decrease.

Now suppose we try to invoke a principle that appears to be related to
the transfer principle. If e is a constant, independent of s or if e depends
only on µ(s) then, the following is true for all values of α: if there is a change
in the underlying distribution such that i's status increases δ > 0 and j's
status decreases by δ (where si < sj and si + δ < sj − δ), then, from (9)
inequality is reduced. However, this �transfer property� is not particularly
attractive, as we can see from Table 2. If the relevant scenario changes from
Case 0 to Case 3 this exactly �ts the balanced change-of-status story: person
i, on getting promoted from N to G, experiences an increase in status of
1/4; if a person is promoted from E to B this reduces the status of person
j by 1/4. But the change from Case 0 to Case 3 is, as we have seen, a
combination of an inequality-increasing and inequality-decreasing change in
scenario (it combines the two changes that we discussed in the previous
paragraph). What is important is the individual move towards or away from
the reference point.

4.2 The reference point

The importance of specifying a reference point is clear from this example.
We know that, for any given reference point e, the inequality measure must
take the form (9). However we are not restricted to situations where the
reference point is an exogenously given number. To include the possibility
that the reference point is a function of s as in equation (4) we take the
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natural extension of (9) given by

Iα (s; η (s)) =
1

α [α− 1]

[
1

n

n∑
i=1

[
si
η (s)

]α
− c (η (s))

]
, (22)

It is clear that inequality as measured by Iα (s; η (s)) is invariant under repli-
cations of the population and that if c ≡ 1 then Iα (e; e) = 0. Other proper-
ties will depend on the speci�cation of η (·). Let us consider three alternative
speci�cations that might appear to make sense.

I mean status

In the conventional approach to inequality measurement the reference point is
taken to be the mean value of the quantities to which the inequality measure
is being applied � mean income, mean wealth or whatever. Although one
does not suppose that this mean value is what individuals would actually
receive if a policy were implemented to enforce equality, it is still a useful
and informative reference point. Taking the lead from this we might consider
e = η (s) = µ(s) given in (21) as in the example of Table 1 If we use this
speci�cation and set c (e) = 1 then it it is easy to show that Iα (s;µ(s)) ≥ 0
with equality if and only if, for all i: si = µ(s). It is also the case that
Iα (s;µ(s)) is continuous in α. Note that, by contrast to standard inequality
analysis where one conventionally assumes a �xed total of income or wealth,
in the case of categorical data µ(s) cannot be an exogenously given constant
(see, for example, Table 2).

II median status

Consider the median, e = η (s) = med(s), de�ned as e ∈ S such that
# (si ≤ e) ≥ n

2
and # (si ≥ e) ≥ n

2
, as a possible reference point. We

immediately �nd a fundamental problem for the kind of problem considered
here: in the case of categorical data the median is not well-de�ned.12 For

12Two examples illustrate the kind of problem that can arise. (1) With three ordered
categories and the same proportion of individuals in each category, the median is am-
biguous. The status vector is s = (1/3, 2/3, 1) . The conventional de�nition of the median
gives med(s) = m := 2/3 . But, nevertheless we can see that 2/3 of the population has
a status less or equal to m and1/3 of the population has a status greater than m. (2)
With two ordered categories (where B is better than A) and a thousand persons consider
the following three distributions: (i) nA = 500, nB = 500 ; (ii) nA = 499, nB = 501
; (iii) nA = 999, nB = 1 . Distributions (i) and (ii) have very di�erent medians, but
distributions (ii) and (iii) have almost the same median!
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example in Table 2 the median could be any value in an intervalM (s) where
M (s) = [1/2, 1) in cases 0 and 2 and M (s) = [1/2, 3/4) in cases 1 and 3. Even
if we resolve this problem by picking one speci�c value e ∈ M (s) as the
reference point, for example the lower bound of the interval M (s) it is not
clear that this provides an appropriate reference point with categorical data.
Furthermore, there is nothing in the formula (22) that prevents the index
taking a negative value; a rede�nition of the inequality index as

1

α[α− 1]

[
1

n

n∑
i=1

[si
e

]α
−
[
µ(s)

e

]α]
, (23)

would produce a measure that is continuous in α and always positive. But
this requires c = [µ(s)/e]α which is not expressible as c (med(s)) and so (23)
cannot be expressed in the basic form (22) .

III maximum status

Finally, consider the situation where the reference point e is independent of
s. What values could or should e take? Consider what happens in the case
of perfect equality where the distance from the reference point must be zero
for everyone. If status is de�ned as individual position in the distribution,
there is only one case for which we can have si = e, i = 1, ..., n: this is where
e = 1, the maximum possible value of s.

With e = 1, a natural normalisation of the index is c = 1. This ensures
that the inequality index equals 0 in the situation of equality, I(1; 1) = 0.
However, once again there is no guarantee that the inequality measure will
be non-negative for every value of α.

Which of these these alternative concepts of the reference point should
be used? Let us compare them using the amenity-inequality discussed ear-
lier. The �rst three rows of Table 3 shows the values of a number of refer-
ence points e, the mean µ(s) and two possible interpretations of the median:
med1(s) is the midpoint of the intervalM (s) and med2(s) is the lower bound
of M (s). The four columns correspond to the four cases in Table 2; notice
that µ(s) and med1(s) di�er from one distribution to another. Rows 4-7 of
Table 3 give the values of the index I0(s; e) (see (24) below) with c = 1 for
each of these three endogenous speci�cations of e and for the case e = 1.

The speci�cations I0(s; µ (s)) and I0(s; med1(s)) appear to produce coun-
terintuitive results: inequality decreases when one person is promoted from
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Case 0 Case 1 Case 2 Case 3
µ(s) 11/16 5/8 3/4 11/16

med1(s) 3/4 5/8 3/4 5/8
med2(s) 1/2 1/2 1/2 1/2

I0(s; µ (s)) 0.1451 0.1217 0.0588 0.0438
I0(s; med1(s)) 0.2321 0.1217 0.0588 -0.0515
I0(s; med2(s)) -0.1732 -0.1013 -0.3465 -0.2746

I0(s; 1) 0.5198 0.5917 0.3465 0.4184

Table 3: Inequality comparisons for a categorical variable: Downward-
looking status

E to B (Case 0 to Case 1, or Case 2 to Case 3) . We can understand why
this happens when we see that the movement of this person changes both
the µ (s) and med1 (s) reference points. By contrast, if we use the med2(s)
speci�cation, the reference point does not change and the inequality changes
are in the direction that accords with intuition; the major problem, of course,
is that I0(s; med2(s)) is negative for all the cases in this example!

Only one speci�cation of the reference point appears to produce an in-
equality measure that behaves consistently with what one might expect: it
is the last row with e = 1. Here we �nd that I0(s; 1) increases when one
individual moves away from the (�xed) reference point (Case 0 to Case 1,
Case 3 to Case 1) and I0(s; 1) decreases when one individual moves toward
the reference point (Case 0 to Case 2, Case 3 to Case 2). Moreover measured
inequality is always positive if s 6= 1.

It seems that the use of either de�nition of the median produces unsat-
isfactory results � some or all of the inequality values are negative in our
simple example. Use of mean status seems to produce strange results when
the mean changes signi�cantly as people's position changes. This appears to
leave only maximum status as a candidate reference point. To get further
insight on this let us consider examine the way the class (22) behaves for
di�erent values of α.

4.3 The sensitivity parameter α

The parameter α in the generic formula (22) captures the sensitivity of mea-
sured inequality to di�erent parts of the distribution, for any reference point
e and any normalisation constant c. In the case of high values of α the index
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is particularly sensitive to high-status inequality. For low and negative values
of the parameter the opposite is true.

Special Cases

For any speci�cation of the reference point e there is at least one special form
of (22). In the case where α = 0 and c = 1 the expression (22) takes the
form used in Table 3:

I0 (s; e) = − 1

n

n∑
i=1

log
(si
e

)
; (24)

this follows from a simple application of L'Hopital's rule. Furthermore, in
Speci�cation I � where the reference point is the mean value of status, e =
µ(s) � it is clear that we have I0 (s; e) ≥ 0; this is also true in Speci�cation
III (exogenously given reference point) if e = 1. The second remark follows
because 0 < si ≤ 1 .

Under certain circumstances there is a second special case where α = 1.
If we take the Speci�cation I where e = µ(s) and assume c = 1 then :

I1 (s;µ(s)) =
1

n

n∑
i=1

si
µ(s)

log

(
si
µ(s)

)
. (25)

Again it is clear thatI1 (s;µ(s)) ≥ 0.

Negative values

In cases where e 6= µ(s), the index Iα can be negative and is unde�ned for
α = 1. These properties are illustrated in Figure 2 which plots values of
I(s; 1) for di�erent values of α, using the distribution labeled Case 0 in Table
2. The problem with the index in the neighbourhood of α = 1 is clear:
Iα (s; 1)→ +∞ when α ↑ 1 and Iα (s; 1)→ −∞ when α ↓ 1 .

In the case where c = 1 and e = 1, using (24) we may rewrite (22) as

Iα(s, 1) =


1

α(α−1)

[
1
n

∑n
i=1 s

α
i − 1

]
, if α 6=0,1,

− 1
n

∑n
i=1 log si. if α=0.

(26)

Notice that Iα(s, 1) can also be written
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Figure 2: The behaviour of Iα (s; 1) as α varies
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Iα(s, 1) =
1

α− 1

[
1

n

n∑
i=1

sαi − 1

α

]
, if α 6=0,1. (27)

For any α ∈ R, it is clear that if 0 < s < 1 then [sα − 1]/α < 0 and if
s = 1 then [sα − 1]/α = 0. So it is evident from (27) that Iα (s; 1) is only
well behaved under the parameter restriction α < 1. But this parameter
restriction is exactly the same as that required in order to obtain the Atkinson
family of inequality indices from the family of generalised entropy indices.
So our admissible class of inequality indices could also be written in the
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ordinally equivalent form

Aα (s) : =


1−

[
1
n

∑n
i=1 s

α
i

]1/α
if α<0 or 0 < α < 1,

1− [
∏

n
i=1si]

1/n if α=0.

(28)

4.4 Downward- or upward-looking status

Finally, let us examine the inequality outcomes if we use an upward-looking
rather downward-looking concept of status. The bottom two rows of Table
4 report the values of I0 for the two concepts where the reference status is
1; in the upper part of this table the numbers of persons in each category
are reproduced for reference (taken from Table 2). It comes as no surprise
that the inequality outcome for each version of status is high in Case 1 and
low in Case 2. For downward-looking status inequality is higher when the
distribution is skewed towards the higher categories (Case 0); for upward-
looking status inequality is higher when the distribution is skewed towards
the lower categories (Case 3).

The reason for this is suggested by equation (26) where the number of
active categories remains unchanged: the index decreases when the vector of
status gets closer to a vector of 1. Label individuals in increasing order of
utility. Then from (2), we have 0 < s1 ≤ s2 ≤ · · · ≤ sn ≤ 1 for downward-
looking status: the status vector becomes closer to the vector unity when
people move to the lower categories. For upward-looking status we have
1 ≥ s′1 ≥ s′2 ≥ · · · ≥ s′n > 0: the status vector becomes closer to the vector
unity when people move to the higher categories.

What happens if the number of active categories changes? For downward-
looking status measures inequality must increase if a person migrates upwards
from a category with multiple occupants to an empty category; for upward-
looking status measures inequality must increase if a person migrates down-
wards from a category with multiple occupants to an empty category.13

13We can see this if we consider what happens to inequality when there is a merger.
Suppose status is downward-looking, given by (2). Now let the non-empty categories k∗

and k∗+1 be merged. This is equivalent to increasing the size of category k∗ and emptying
category k∗ + 1. For every i such that k(i) = k∗ we see that si increases by nk∗+1/n ; for
every other i status si remains unchanged. So the status of some persons moves closer to
e and remains unchanged for others. By Axiom 2 this means that inequality must fall. By
contrast, if a person migrates from category k∗ (where nk∗ > 1) to empty category k∗ +1
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Case 0 Case 1 Case 2 Case 3
nk nk nk nk

B 0 25 0 25
E 50 25 50 25
G 25 25 50 50
N 25 25 0 0

I0(s; 1) 0.5198 0.5917 0.3465 0.4184
I0(s

′; 1) 0.4184 0.5917 0.3465 0.5198

Table 4: Inequality outcomes for downward-looking status (s) and upward-
looking status (s′)

5 Inequality measurement: practice

To be used in practice, we need to study the statistical properties of the
inequality measure with ordinal data. In this section, we establish asymptotic
distribution and �nite sample performance of such inequality measures. Two
empirical applications, in health and in happiness, illustrate the usefulness of
the inequality measures in practice. In the light of the arguments in Section 4
we focus on ordered categorical variables, for which the appropriate reference
point is the maximum status e = 1 and for which a natural normalisation of
the index is c = 1: we take the family of inequality indices (26). We consider
samples with independent observations on K ordered categories. Without
loss of generality, any sample can be represented as follows:

xi =


1 with sample proportion p1

2 with sample proportion p2

. . .

K with sample proportion pK

, (29)

where pl is the number of observations in the lth category, divided by the
sample size, so that

∑K
l=1 pl = 1. For K > 2, the sample proportions

(p1, p2, . . . , pK) are known to follow a multinomial distribution with n ob-
servations and a vector of probabilities (π1, π2, . . . , πK). The status of ob-
servation i is its position in the distribution, computed as the proportion of

this is the exact opposite of the merger just described: so inequality must rise. A sumilar
argument can be constructed for upward-looking status.
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observations in the sample with a value less than or equal to xi:

si =
1

n

n∑
j=1

ι(xj ≤ xi) =

xi∑
j=1

pj (30)

where ι(.) is the indicator function, equals to 1 if its argument is true and 0
otherwise. We provide the derivations for downward-looking status only, with
status de�ned in (30). The extension to upward-looking status is straight-
forward: all one needs to do is to reverse the order of the categories.

5.1 Statistical properties

With a sample of categorical data, as de�ned in (29), and status given by the
individual position, as de�ned in (30), we can rewrite the inequality measure
(26) as follows:

Iα =


1

α(α−1)

[∑K
i=1 pi

[∑i
j=1 pj

]α
− 1
]

if α 6=0,1,

−
∑K

i=1 pi log
[∑i

j=1 pj

]
if α=0.

(31)

This measure is expressed as a non-linear function of K parameter estimates
(p1, p2, . . . , pK) following a multinomial distribution. From the Central Limit
Theorem, Iα follows asymptotically a Normal distribution with a covariance
matrix which can be calculated by the delta method. Speci�cally, an estima-
tor of the covariance matrix of (p1, p2, . . . , pk) is given by

Σ =
1

n


p1(1− p1) −p1p2 . . . −p1pK
−p2p1 p2(1− p2) . . . −p2pK

...
...

...
...

−pKp1 −pKp2 . . . pK(1− pK)

 . (32)

The variance estimator for Iα is equal to:

V̂ar(Iα) = DΣD> with D =
[
∂Iα
∂p1

; ∂Iα
∂p2

; . . . ; ∂Iα
∂pK

]
, (33)
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where the lth element of D is de�ned as

∂Iα
∂pl

=


1

α(α−1)

([∑l
i=1 pi

]α
+ α

∑K−1
i=l pi

[∑i
j=1 pj

]α−1)
if α 6=0,1,

− log
[∑l

j=1 pj

]
−
∑K−1

i=l pi

[∑i
j=1 pj

]−1
if α=0.

(34)
For instance, in the case of three ordered categories, the inequality mea-

sures de�ned in (26) are equal to

Iα =


pα+1
1 +p2(p1+p2)α+p3−1

α(α−1) if α 6=0,1,

−p1 log p1 − p2 log(p1 + p2) if α=0,

where p1, p2 and p3 are the proportions of observations in the respective
ordered categories. Their variance estimators are given by (33), with Σ
de�ned in (32) where we use K = 3, and with D equal to

D =


1

α(α−1)

[
(α+ 1)pα1 + αp2(p1 + p2)

α−1; (p1 + p2)
α + αp2(p1 + p2)

α−1; 1
]

if α 6=0,1,

[
− log p1 − 1− p2/(p1 + p2);− log(p1 + p2)− p2/(p1 + p2); 0

]
if α=0.

We can use the variance estimators of Iα to compute test statistics and
con�dence intervals.

We now turn to the �nite sample properties of the index. The coverage
error rate of a con�dence interval is the probability that the random interval
does not include, or cover, the true value of the parameter. A method of
constructing con�dence intervals with good �nite sample properties should
provide a coverage error rate close to the nominal rate. For a con�dence
interval at 95%, the nominal coverage error rate is equal to 5%. We use
Monte-Carlo simulation to approximate the coverage error rate of asymptotic
con�dence intervals in several experimental designs.

In our experiments, samples are drawn from a multinomial distribution
with probabilities π = (π1, π2, . . . , πK). The status of observation i is its
position in the distribution, computed as the proportion of observations in
the sample with a value less than or equal to xi. For �xed values of α, n, K
and π, we draw 10 000 samples. For each sample we compute Iα(s, 1) and
its con�dence interval at 95%. The coverage error rate is computed as the
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α -1 0 0.5 0.99 1.01 1.5 2

n = 20 0.0606 0.0417 0.0598 0.0491 0.0491 0.0472 0.0431
n = 50 0.0553 0.0518 0.0704 0.0601 0.0603 0.0483 0.0394
n = 100 0.0499 0.0513 0.0684 0.0619 0.0619 0.0489 0.0416
n = 200 0.0544 0.0476 0.0617 0.0613 0.0607 0.0543 0.0451
n = 500 0.0523 0.0492 0.0521 0.0523 0.0526 0.0498 0.0466
n = 1000 0.0485 0.0540 0.0552 0.0549 0.0551 0.0546 0.0528

Table 5: Coverage error rate of asymptotic con�dence intervals at 95% of Iα,
10 000 replications, K = 3 and x ∼Multinomial(0.3, 0.5, 0.2).

proportion of times the true value of the inequality measure is not included in
the con�dence intervals.14 Con�dence intervals perform well in �nite sample
if the coverage error rate is close to the nominal value.

Table 5 shows coverage error rates of con�dence intervals at 95% of Iα for
di�erent values of α = −1, 0, 0.5, 0.99, 1.01, 1.5, 2, as the sample size increases,
n = 20, 50, 100, 200, 500, 1000. We consider 3 ordered categories: samples are
drawn from a multinomial distribution with probabilities π = (0.3, 0.5, 0.2).
If the asymptotic distribution is a good approximation of the exact distribu-
tion of the statistic, the coverage error rate should be close to the nominal
error rate, 0.05. The results show that asymptotic con�dence intervals per-
form well in �nite sample, they are still reliable for α = 0.99, 1.01 when the
index is unde�ned for α = 1 .

5.2 Application

In the application, we use the data from the 5th wave of the World Values
Survey 1981-2008, conducted in 2005-2008 over 56 countries.15 We focus our
empirical study on two questions:

Life satisfaction question:

14The true values are I
(0)
α = 1

α(α−1)

[∑K
i=1 πi

[∑i
j=1 πj

]α
− 1
]
α 6= 0 and I

(0)
0 =

−
∑K
i=1 log

[∑i
j=1 πj

]
.

15The bibliographic citation of the data�le is: WORLD VALUES SURVEY 1981-
2008 OFFICIAL AGGREGATE v.20090901, 2009. World Values Survey Association
(http://www.worldvaluessurvey.org). Aggregate File Producer: ASEP/JDS, Madrid. It
can be downloaded at http://www.worldvaluessurvey.org .
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All things considered, how satis�ed are you with your life as a whole these
days? Using this card on which 1 means you are �completely dissatis�ed�
and 10 means you are �completely satis�ed� where would you put your
satisfaction with your life as a whole? (code one number):

Completely dissatis�ed � 1 2 3 4 5 6 7 8 9 10 � Completely satis�ed

Health question:

All in all, how would you describe your state of health these days? Would
you say it is (read out): 1 Very good, 2 Good, 3 Fair, 4 Poor.

The relationship between life satisfaction and income has been studied
extensively in the literature and is a subject of some disagreement.16 In
a seminal paper, Easterlin (1974) shows that, for a given country, people
with higher incomes are likely to report higher life satisfaction, whereas for
cross-country comparisons and for higher income countries, the average level
of life satisfaction does not vary much with higher income, it is known as
the Easterlin or happiness-income paradox. Several studies con�rm the lack
of impact of income on life satisfaction for higher income countries,17 while
other studies �nd a signi�cant positive impact.18 To illustrate it, Figure
3 presents a cross-country comparison of the average of answers to the life
satisfaction question (y-axis) and the GDP per capita19 (x-axis). It is clear
that the mean of life satisfaction is higher in countries with higher GDP per
capita. However, the relationship is not linear and it is not obvious how
to choose between a lognormal function and a piecewise linear regression
model with the slope of the second line not signi�cantly di�erent from zero
beyond $15 000 per head.20 Then, the presence or absence of income e�ect
on life satisfaction among the higher income countries is not clear, and the
controversy continues.

16See Clark and Senik (2011) for a recent survey.
17See Easterlin (1995), Easterlin et al. (2010).
18See Hagerty and Veenhoven (2003), Deaton (2008), Stevenson and Wolfers (2008a),

Inglehart et al. (2008).
19GDP per capita in 2005 is measured in purchasing parity power chained dollars at

2005 constant prices, and comes from the Penn World Tables 7.0.
20Layard (2003, p.23) noticed that �once a country has over$15 000 per head, its level of

happiness appears to be independent of its income per head�. Deaton (2008) argues that
di�erent results are obtained from di�erent datasets.
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Many empirical studies make comparisons of the average of answers to
questions, or they use speci�c transformations to calculate a composite index
of well-being.21 In fact, they interpret the answers as cardinal with a linear
scale, i.e., the values given to each successive answers are supposed to be
equidistant. Such an interpretation is a matter of disagreement in the litera-
ture on Likert-type scale questionnaires. Some people consider that ordinal
data provide information on ranks only and nothing else, so they should be
treated as purely ordinal data with nonparametric statistics.22 For example,
a horse race result provides information on the rank order 1st, 2nd, 3rd, etc.,
without any information on the arrival time and di�erences in time between
horses.23 Others consider that ordinal data can be interpreted as cardinal,
with a linear scale, in some contexts � the scale presents a suitable symmetry
of items around a clear middle category, the intervals between points are
approximately equal � so they can be analyzed parametrically.24

In our application, the main issue is whether we can assume that the val-
ues assigned in each questions can be treated as equidistant. In the health
question � Very Good, Good, Fair, Poor � the items are unlikely to be equidis-
tant: they are not symmetric (only one item can receive a below-average
rating), and a bias would be introduced in favour of better outcomes. In the
life satisfaction question, equidistant items implies that the distance between
`2' and `3' is similar to the distance between `5' and `6' or any other two suc-
cessive items. This position is quite common.25 For our particular purpose,
the relationship between the average of life satisfaction and the GDP per
capita in a cross-country comparison, we can illustrate how sensitive the re-
sults are to this hypothesis. Indeed, if we assume that life satisfaction is
highly correlated to personal incomes and that the distribution of incomes
is lognormal, it makes sense to consider the answers on an exponential scale
rather than on a linear scale.26 Figure 4 presents a cross-country comparison

21For instance, Deaton (2008) uses the average of life satisfaction, and Inglehart et al.
(2008) use the index of subjective well-being: SWB=life satisfaction - 2.5 × happiness.

22See Kuzon, Urbanchek, and McCabe (1996), Jamieson (2004).
23Another example is the IQ score, which can be used for rank comparisons, but not

as interval data for many authors: the di�erence between an IQ of 130 and one of 100 is
not equivalent to the di�erence between an IQ of 100 and one of 70 (Mackintosh 1998,
Bartholomew 2004).

24See Knapp (1990), Norman (2010) .
25See Ng (1997), Ferrer-i-Carbonell and Frijters (2004) and Kristo�ersen (2011) for a

discussion of this point.
26Here, we assume that everybody use the same scale, which is also questionable.
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of the average of the exponential transformation of the code numbers from
the life satisfaction question (y-axis) and the GDP per capita (x-axis). There
is no clear relationship between the average of life satisfaction and national
income. Column (i) in Table 6 shows OLS regression results of the average
of life satisfaction (on the exponential scale) on GDP per capita. The slope
coe�cient is not signi�cantly di�erent from zero and, thus, we conclude that
there is no signi�cant relationship between life satisfaction and GDP per
capita. Compared to the conclusions drawn from Figure 3 and based on a
linear scale, we obtain very di�erent results. Clearly, the results are sensitive
to the cardinal interpretation of the answers.

A simple solution would be to replace the mean by the median in the
empirical analysis. However, the median is not well-de�ned with ordinal
data, in particular when there are a few categories (see the discussion in
section 4.2 and footnote 12). Another solution would be to use the fraction
of people with a score higher than c. However, in our example, di�erent
choices of c produce di�erent results: the relationship between the fraction
of people with an answer higher than c = 5 and the GDP per capita is
signi�cantly positive from an OLS regression, while it is not signi�cant with
c = 8 (results not reported). Hereafter, we use the index developed in this
paper, which avoids all such problems.

The inequality index developed in this paper is de�ned on individual ranks
alone and is thus insensitive to any cardinal interpretation of the answers.
Whether an upward-looking or downward-looking status concept is appro-
priate will depend on the context. If we require inequality to fall if answers
are skewed toward more desirable categories, then it is clear that, for the life
satisfaction question, where the categories are (Completely dissatis�ed - 1, 2,
..., 10 - Completely satis�ed) an upward-looking version is required. For the
health question the lowest category is assigned to the �very good� answer; a
downward-looking version ensure that inequality decreases when people tend
to report better health states.

Figure 5 presents a cross-country comparison of the inequality index of life
satisfaction and the GDP per capita. The inequality index, Iα, is computed
with α = 0, as de�ned in (31). A negative relationship seems to appear,
but it is not so clear. An OLS regression of the inequality index of life
satisfaction, I0(life satisfaction), on the GDP per capita shows that the slope
coe�cient is signi�cantly di�erent from zero at 1% (see Table 6, column (ii)).
However, the p-value is very close to 0.01 and the R2 = 0.12 is small, it
suggests that GDP per capita is not strongly related to the inequality of
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(i) (ii) (iii) (iv)

constant 4079 0.7358 0.5245 0.3450
(<0.001) (<0.001) (<0.001) (<0.001)

GDP per capita 0.0225 -1.53e-06 -1.03e-06 -
(0.292) (0.008) (0.014)

I0(life satisfaction) - - - 0.2274
(0.019)

R2 0.02 0.12 0.11 0.10

Table 6: Cross-country regressions, with p-values in parenthesis. Column (i) shows

the OLS estimation of the average of life satisfaction (on the exponential scale) on

the GDP per capita ; column (ii) the estimation of the inequality of life satisfaction,

I0(life satisfaction), on the GDP per capita ; column (iii) the estimation of the

inequality of health, I0(health), on the GDP per capita ; and column (iv) the

estimation of I0(health) on I0(life satisfaction).

life satisfaction. In other words, people in high income countries are not
necessarily those who tend to report higher life satisfaction. Indeed, we can
see from Figure 5 that the two countries with the lowest inequality index,
Colombia and Mexico, have very small values of GDP per capita. When we
look at the detailed data, presented in Table 7, we can see that more than
73.9% of the individuals in Colombia and more than 77.1% of the individuals
in Mexico, report values higher or equal to `8' in the original life satisfaction
question. The Figure suggests that, depending on the countries included in
the dataset, we could have more or less signi�cant results on the happiness-
income relationship. Nevertheless, it is clear from those results that the
happiness-income relationship is weak in cross-country comparisons.27

We now turn to the health question, detailed in Table 8.28 When we look
at the relationship between the fraction of people satis�ed with their health

27We obtain similar results with di�erent values of α, the R2 is slightly higher with
α = 0.5 and slightly lower with α = −0.5,−1.

28Over all the countries, Guatemala, Turkey, Uruguay and South Africa report a few
values equal to 5, associated to a �Very poor� answer. From the Documentation of the

Values Surveys, for the other countries, the �Very poor� is not a possible answer in the
questionnaire. We thus remove those four countries from the database.
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� answering �Very good� or �Good� � and the GDP per capita, we �nd a
signi�cant positive relationship, as obtained in Deaton (2008). But, when
we look at the fraction of people very satis�ed with their health � answering
�Very good� only � the relationship is not signi�cant from an OLS estimation.
Once again, the results appear to be sensitive to the fraction of people used
(with a code number less than `c'=2 or `c'=1). It may be explained by some
countries, which behave very di�erently when we consider satis�ed and very
satis�ed people. For instance, Hong-Kong and Rwanda have, respectively,
63.5% and 33.7% of satis�ed people, but only 5.6% and 2.5% of very satis�ed
people (see Table 8). The index developed in this paper takes into account
the cumulative mass of individuals to each answers; for downward-looking
status is de�ned to decrease when the distribution of answers gets closer to
the case where everybody give the answer associated with the lowest value
(�Very good� for the health question). In the following, we use this index to
study health-income and health-life satisfaction relationships.

Figure 6 presents a cross-country comparison of the inequality index of
health and the GDP per capita. The inequality index, Iα, is computed with
α = 0, as de�ned in (31). There is no clear relationship, and the OLS es-
timation of I0(health) on GDP per capita produces a slope coe�cient not
signi�cantly di�erent from zero at 1%, and a R2 = 0.11 (see Table 6, col-
umn (iii)). These results suggest that the health-income relationship is not
signi�cant.29 In other words, people in higher income countries do not tend
to report higher health satisfaction.

Figure 7 presents a cross-country comparison of the inequality index of
health and the inequality of life satisfaction. Once again, there is no clear
relationship, and the OLS estimation of I0(health) on I0(life satisfaction)
produces a slope coe�cient not signi�cantly di�erent from zero at 1%, and a
R2 = 0.10 (see Table 6, column (iv)). These results suggest that the health-
life satisfaction relationship is not signi�cant, that is, countries where people
tend to report higher life satisfaction are not necessarily those where people
tend to report higher health satisfaction.

29We obtain similar results with α = −1,−0.5, 0.5.
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6 Conclusion

We can provide a precise answer to the problem of measuring inequality of
the distribution of ordinal data interpreted as categorical variables.

There are three basic ingredients: the concept of status within a distri-
bution, a reference point and a set of axioms. Status can be downward- or
upward-looking depending on the context of the analysis. The axiomatisa-
tion is general and provides an approach for a variety of data types including
the case of categorical data � it characterises a family of indices that is con-
ditional on a sensitivity parameter and a reference point. The speci�c class
of inequality measures that emerges from the axiomatisation is related to the
Generalised Entropy and Atkinson classes; but, by contrast to conventional
inequality analysis, the reference point for categorical data is not the mean
of the distribution but the maximum possible value of status.

The approach is straightforward to implement empirically. As we have
shown in section 5.2, how you treat categorical data in empirical studies really
matters: if we were to treat ordinal variables as though they were cardinal
the cardinalisation that is imposed a�ects conclusions about whether there
is a relationship between inequality and income.

31



References

Abul Naga, R. H. and T. Yalcin (2008). Inequality measurement for or-
dered response health data. Journal of Health Economics 27, 1614�
1625.

Abul Naga, R. H. and T. Yalcin (2010). Median independent inequality
orderings. Technical report, University of Aberdeen Business School.

Aczél, J. (1966). Lectures on Functional Equations and their Applications.
Number 9 in Mathematics in Science and Engineering. New York: Aca-
demic Press.

Aczél, J. and J. G. Dhombres (1989). Functional Equations in Several
Variables. Cambridge: Cambridge University Press.

Aigner, D. J. and A. J. Heins (1967). A social welfare view of the measure-
ment of income equality. Review of Income and Wealth 13 (3), 12�25.

Allison, R. A. and J. E. Foster (2004). Measuring health inequality using
qualitative data. Journal of Health Economics 23, 505�552.

Atkinson, A. B. (1970). On the measurement of inequality. Journal of
Economic Theory 2, 244�263.

Bartholomew, D. J. (2004). Measuring Intelligence: Facts and Fallacies.
Cambridge: Cambridge University Press.

Clark, A. E. and C. Senik (2011). Will GDP growth increase happiness in
developing countries? In J. Slemrod (Ed.), Measure For Measure: How
well do we Measure Development? AFD Publications.

Cowell, F. A. (2011). Measuring Inequality (Third ed.). Oxford: Oxford
University Press.

Cowell, F. A. and U. Ebert (2004). Complaints and inequality. Social
Choice and Welfare 23, 71�89.

Dalton, H. (1920). Measurement of the inequality of incomes. The Eco-
nomic Journal 30, 348�361.

de Barros, R. P., F. Ferreira, J. Chanduvi, and J. Vega (2008). Measur-
ing Inequality of Opportunities in Latin America and the Caribbean.
Palgrave Macmillan.

32



Deaton, A. (2008). Income, health and well-being around the world: Ev-
idence from the Gallup World Poll. Journal of Economic Perspec-
tives 22, 53�72.

Easterlin, R. A. (1974). Does economic growth improve the human lot?
Some empirical evidence. In P. A. David and M. W. Reder (Eds.), Na-
tions and Households in Economic Growth: Essays in Honor of Moses
Abramovitz. New York: Academic Press.

Easterlin, R. A. (1995). Will raising the incomes of all increase the happi-
ness of all? Journal of Economic Behavior & Organization 27, 35�47.

Easterlin, R. A., L. Angelescu McVey, M. Switek, O. Sawangfa, and
J. Smith Zweig (2010). The happiness-income paradox revisited. Pro-
ceedings of the National Academy of Sciences of the United States of
America 107, 22463�22468.

Ebert, U. and P. Moyes (2002). A simple axiomatization of the Foster-
Greer-Thorbecke poverty orderings. Journal of Public Economic The-
ory 4, 455�473.

Eichhorn, W. (1978). Functional Equations in Economics. Reading Mas-
sachusetts: Addison Wesley.

Ferrer-i-Carbonell, A. and P. Frijters (2004). How important is methodol-
ogy for the estimates of the determinants of happiness? The Economic
Journal 114, 641�659.

Fishburn, P. C. (1970). Utility Theory for Decision Making. New York:
John Wiley.

Hagerty, M. R. and R. Veenhoven (2003). Wealth and happiness revis-
ited: Growing wealth of nations does go with greater happiness. Social
Indicators Research 64, 1�27.

Inglehart, R., R. Foa, C. Peterson, and C. Welzel (2008). Development,
freedom, and rising happiness: A global perspective (1981-2007). Per-
spectives on Psychological Science 3, 264�285.

Jamieson, S. (2004). Likert scales: How to (ab)use them. Medical Educa-
tion 38, 1217�1218.

Knapp, T. R. (1990). Treating ordinal scales as interval scales: An attempt
to resolve the controversy. Nursing Research 39, 121�123.

33



Kristo�ersen, I. (2011). The subjective wellbeing scale: How reasonable is
the cardinality assumption? Discussion Paper 15, University of West-
ern Australia Department of Economics.

Kuzon, W. M., M. G. Urbanchek, and S. McCabe (1996). The seven deadly
sins of statistical analysis. Annals of Plastic Surgery 37, 265�272.

Layard, R. (2003). Happiness: Has social science a clue. Lionel Robbins
Memorial Lectures 2002/3, London School of Economics, march 3-5.
http://cep.lse.ac.uk/events/lectures/layard/RL030303.pdf.

Maasoumi, E. (1986). The measurement and decomposition of multi-
dimensional inequality. Econometrica 54, 991�997.

Mackintosh, N. J. (1998). IQ and Human Intelligence. Oxford: Oxford
University Press.

Ng, Y. K. (1997). A case for happiness, cardinalism, and interpersonal
comparability. The Economic Journal 107, 1848�58.

Norman, G. (2010). Likert scales, levels of measurement and the �laws� of
statistics. Advances in Health Science Education 15, 625�632.

Oswald, A. J. and S. Wu (2011, November). Well-being across America.
The Review of Economics and Statistics 93 (4), 1118�1134.

Stevenson, B. and J. Wolfers (2008a). Economic growth and subjective
well-being: Reassessing the Easterlin paradox. NBER working paper
no. 14282.

Stevenson, B. and J. Wolfers (2008b). Happiness inequality in the United
States. The Journal of Legal Studies 37, S33�S79.

Tsui, K.-Y. (1995). Multidimensional generalizations of the relative and
absolute inequality indices: the Atkinson-Kolm-Sen approach. Journal
of Economic Theory 67, 251�265.

Van Doorslaer, E. and A. M. Jones (2003). Inequalities in self-reported
health: Validation of a new approach to measurement. Journal of
Health Economics 22, 61�87.

Yaari, M. E. (1988). A controversial proposal concerning inequality mea-
surement. Journal of Economic Theory 44 (4), 381�397.

Yang, Y. (2008). Social inequalities in happiness in the United States,
1972 to 2004: An age-period-cohort analysis. American Sociological
Review 73, 204�226.

34



Yitzhaki, S. (1979). Relative deprivation and the Gini coe�cient.Quarterly
Journal of Economics 93, 321�324.

Zheng, B. (2011). A new approach to measure socioeconomic inequality in
health. Journal Of Economic Inequality 9, 555�577.

35



Life satisfaction question Inequality
1 2 3 4 5 6 7 8 9 10 I0 s.e.

Argentina 14 9 19 15 75 53 197 279 131 203 0.658 0.00077
Australia 17 18 29 40 109 117 303 472 195 110 0.689 0.00065
Burkina Faso 55 71 103 186 399 233 171 126 48 107 0.775 0.00049
Bulgaria 57 69 115 116 184 109 147 81 49 30 0.804 0.00032
Brazil 29 15 21 34 162 130 185 352 201 366 0.653 0.00094
Canada 12 17 25 52 123 158 361 726 348 335 0.663 0.00064
Switzerland 8 7 12 16 64 78 170 445 241 191 0.647 0.00061
Chile 11 3 24 56 120 125 161 197 130 165 0.710 0.00069
China 72 72 86 85 222 278 244 427 198 275 0.731 0.00068
Colombia 44 20 20 40 172 157 332 601 485 1147 0.553 0.00123
Cyprus 28 8 16 41 79 108 187 284 157 142 0.701 0.00059
Egypt 305 122 234 251 510 311 439 370 162 346 0.773 0.00061
Spain 4 2 16 25 84 166 324 335 170 69 0.696 0.00052
Ethiopia 50 108 249 200 255 281 197 86 41 23 0.793 0.00044
Finland 7 18 19 20 40 34 137 347 290 102 0.639 0.00067
France 15 9 41 43 135 106 219 263 102 67 0.726 0.00057
United Kingdom 9 3 11 20 73 100 208 346 157 111 0.681 0.00058
Georgia 128 92 154 204 377 160 161 111 25 64 0.790 0.00047
Germany 24 27 86 112 262 208 370 530 290 141 0.729 0.00053
Ghana 97 84 117 157 114 181 221 273 120 164 0.767 0.00059
Guatemala 9 12 26 21 69 82 122 176 171 311 0.610 0.00112
Hong Kong 23 22 49 77 191 272 236 222 85 67 0.755 0.00042
Indonesia 58 22 47 64 296 256 358 372 159 274 0.723 0.00064
India 71 1 208 0 821 0 437 0 0 316 0.605 0.00049
Iran 101 103 117 180 453 364 385 396 229 339 0.754 0.00061
Iraq 465 221 232 318 616 310 207 149 63 89 0.804 0.00042
Italy 12 10 16 47 93 182 280 216 84 66 0.724 0.00050
Jordan 99 22 22 37 148 73 131 180 121 364 0.634 0.00121
Japan 10 12 41 38 92 171 219 301 146 50 0.715 0.00061
Korea 30 22 47 88 172 191 273 246 83 45 0.748 0.00057
Morocco 27 31 115 195 373 206 130 58 22 40 0.761 0.00057
Moldova 46 69 99 150 172 151 131 127 66 30 0.800 0.00030
Mexico 39 10 15 18 86 60 117 380 256 531 0.565 0.00113
Mali 113 31 79 95 328 154 184 148 96 202 0.749 0.00072
Malaysia 17 9 28 41 145 230 287 265 92 86 0.729 0.00049
Netherlands 2 5 5 16 40 82 235 406 156 102 0.653 0.00065
Norway 7 3 7 12 47 51 142 387 245 122 0.638 0.00058
New Zealand 7 8 16 20 50 67 149 224 182 204 0.651 0.00078
Peru 29 24 59 72 194 165 278 280 111 278 0.703 0.00082
Poland 14 15 34 34 152 117 149 238 112 124 0.723 0.00058
Romania 93 82 163 143 283 179 247 285 107 76 0.785 0.00045
Russia 117 74 104 151 362 217 326 342 146 177 0.768 0.00049
Rwanda 91 146 136 166 365 299 122 96 53 29 0.790 0.00049
Serbia 30 53 84 97 177 170 262 210 54 38 0.760 0.00062
Slovenia 10 6 19 25 167 122 173 240 104 167 0.702 0.00068
Sweden 5 5 16 22 47 61 188 367 177 114 0.661 0.00060
Thailand 12 11 36 53 137 217 307 429 172 158 0.710 0.00056
Trinidad&Tobago 35 7 14 29 120 124 176 195 80 219 0.679 0.00091
Turkey 41 18 46 36 77 134 220 291 211 272 0.681 0.00080
Taiwan 38 16 34 54 190 207 217 280 74 117 0.734 0.00059
Ukraine 45 51 97 81 147 147 170 149 66 43 0.787 0.00038
Uruguay 19 2 12 19 76 125 218 245 115 162 0.689 0.00065
United States 9 11 31 54 91 117 275 358 224 71 0.698 0.00061
Vietnam 6 10 41 61 163 287 278 292 138 206 0.719 0.00059
South Africa 96 75 97 141 257 298 419 588 435 571 0.699 0.00081
Zambia 107 52 89 114 204 189 249 229 99 131 0.773 0.00050

Table 7: Number of people per code number in the life satisfaction question

(source: World Values Surveys, 5th wave) and the inequality index with its stan-

dard error (upward looking status).
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Health question Inequality
1 2 3 4 I0 s.e.

Argentina 326 463 185 27 0.480 0.00069
Australia 402 675 274 61 0.496 0.00068
Burkina Faso 427 670 350 72 0.511 0.00065
Bulgaria 149 389 310 150 0.575 0.00062
Brazil 408 700 355 36 0.501 0.00061
Canada 857 880 341 81 0.461 0.00086
Switzerland 400 635 173 33 0.462 0.00068
Chile 196 475 277 52 0.524 0.00067
China 619 617 486 290 0.550 0.00080
Colombia 674 1517 760 72 0.502 0.00065
Cyprus 413 387 184 65 0.478 0.00092
Egypt 471 1578 766 236 0.515 0.00090
Spain 237 716 195 48 0.463 0.00091
Ethiopia 386 582 390 139 0.544 0.00063
Finland 232 437 284 61 0.534 0.00059
France 300 418 225 58 0.513 0.00069
United Kingdom 345 412 196 87 0.508 0.00080
Georgia 189 439 574 296 0.600 0.00042
Germany 458 908 538 148 0.534 0.00063
Ghana 571 661 208 93 0.471 0.00083
Hong Kong 68 723 407 48 0.435 0.00139
Indonesia 386 1144 408 63 0.477 0.00086
India 438 934 489 136 0.526 0.00068
Iran 499 1294 680 156 0.520 0.00074
Iraq 476 1285 592 317 0.536 0.00081
Italy 188 562 228 34 0.487 0.00084
Jordan 524 518 130 27 0.425 0.00086
Japan 148 440 405 95 0.554 0.00063
Korea (Republic of) 175 809 208 8 0.416 0.00115
Morocco 461 434 262 43 0.482 0.00086
Moldova 107 443 354 117 0.547 0.00086
Mexico 344 654 503 54 0.532 0.00049
Mali 437 510 467 93 0.536 0.00064
Malaysia 332 739 125 5 0.426 0.00066
Netherlands 247 497 262 42 0.513 0.00063
Norway 426 388 165 46 0.460 0.00093
New Zealand 348 427 154 20 0.462 0.00074
Peru 112 606 723 59 0.511 0.00085
Poland 175 365 331 127 0.575 0.00051
Romania 175 776 569 254 0.551 0.00092
Russia 134 721 911 256 0.548 0.00086
Rwanda 37 469 740 255 0.523 0.00103
Serbia 226 431 406 147 0.574 0.00049
Slovenia 220 369 302 144 0.574 0.00054
Sweden 353 430 187 33 0.480 0.00075
Thailand 331 834 295 66 0.488 0.00079
Trinidad&Tobago 321 375 248 56 0.515 0.00073
Taiwan 280 772 117 58 0.439 0.00086
Ukraine 76 412 378 132 0.545 0.00094
United States 350 645 206 47 0.480 0.00069
Vietnam 155 736 473 131 0.519 0.00101
Zambia 415 618 282 128 0.520 0.00072

Table 8: Number of people per code number in the health question (source: World

Values Surveys, 5th wave) and the inequality index (downward-looking status) with

its standard error.
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Figure 3: Cross-country comparison of average life satisfaction and GDP per
capita.
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Figure 4: Cross-country comparison of average life satisfaction and GDP per
capita, using an exponential scale for values assigned to the answers
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Figure 5: Cross-country comparison of inequality of life satisfaction and GDP
per capita
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Figure 6: Cross-country comparison of inequality of health and GDP per
capita

41



●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●

●

●

●

● ●

0.55 0.60 0.65 0.70 0.75 0.80 0.85

0.
40

0.
45

0.
50

0.
55

0.
60

Inequality of life satisfaction

in
eq

ua
lit

y 
of

 h
ea

lth

Argentina

Australia

Burkina Faso

Bulgaria

Brazil

CanadaSwitzerland

Chile

China Version 1

Colombia

Cyprus

Egypt

Spain

Ethiopia

Finland

France
United Kingdom

Georgia

Germany

Ghana

Hong Kong

Indonesia

India

Iran

Iraq

Italy

Jordan

Japan

Korea, Republic of

Morocco

Moldova

Mexico
Mali

Malaysia

Netherlands

NorwayNew Zealand

Peru

Poland

Romania
Russia

Rwanda

SerbiaSlovenia

Sweden

Thailand

Trinidad &Tobago

Taiwan

Ukraine

United States

Vietnam Zambia

Figure 7: Cross-country comparison of inequality of health and inequality of
life satisfaction
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